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Abstract
We calculate the volume corrections to the two-pion matrix element of twist two operators.
1. Generalized parton distributions (GPDs) provide a unified parametrization for nonforward
hadronic matrix elements [1, 2, 3, 4]. Understanding GPDs in detail is therefore tantamount
to understanding in large parts the internal structure of hadrons. The comprehensive review
of experimental programs as well as theoretical works can be found in Refs. [5, 6, 7].
As a rule GPDs enter into physical observables only within convolutions. These are rel-
atively simple at leading order in αs but become increasingly complex at higher orders, see
e.g. [8]. It makes the extraction of GPDs from experiment a highly non-trivial task. There are
much hopes that the lattice QCD can be helpful for solving this problem. There already exists
a number of lattice results for moments of GPDs, see [9, 10, 11] and references therein.
The lattice evaluation of the moments of GPDs is based on calculation of the form factors
of local operators, very similar to the case of the usual electromagnetic form factors [12].
Unfortunately, at present the lattice calculations with dynamical quarks can be done only for
unphysically large quark masses and thus pion. The mass of the pion affects strongly the
spatial extent of the nucleon and hence its form factors. Since the calculations are restricted
to finite size lattice additional corresponding corrections have also to be taken into account.
Both problems – calculation of the mass and volume corrections – can be addressed in
the framework of chiral perturbation theory (ChPT) [13, 14, 15, 16]. These corrections were
already calculated for a number of physical observables (masses, decay constants, etc.). In
particular, the mass corrections to GPDs (pion and nucleon) have been calculated recently
in Refs. [17, 18, 19, 20, 21]. The calculation of the volume corrections in the framework of
ChPT was initiated by the paper of Gasser and Leutwyler [16]. Recently, the problem became
rather actual due to the needs of lattice QCD. A review of the present state of the art and
references can be found in Ref. [23] (see also Ref. [22] where the pion GPDs were calculated in
partially-quenched ChPT at finite volume).
On a lattice the overall spatial symmetry is reduced from the usual Lorentz group to the
hypercubic group. As a result the restrictions imposed by this symmetry on the form of matrix
elements of twist–two operators are less stringent than in the continuum limit. The number
of independent formfactors increases very fast with the spin of an operator, and the reduced
symmetry also results in additional mixing among operators [24]. All this makes the extraction
of the GPD moments from lattice data a rather complicated problem. Therefore, the knowledge
of volume corrections to the matrix elements of twist-two operators would be very helpful for
determining GPDs moments on the lattice. In the present Letter we report the calculation of
the volume corrections to the lowest moments of vector and tensor GPDs for the pion.
2. To set the notations we recall the main ingredients of chiral perturbation theory [13, 14].
ChPT is an effective theory describing pion interactions in the limit q,mπ ≪ Λχ, where q is a
generic momentum and Λχ is the scale of chiral symmetry breaking. We will use the standard
O(qn) power-counting of ChPT. The Goldstone boson fields are collected in the matrix-valued
field U . The leading-order pion Lagrangian reads [14]
L(2)ππ =
F 2
4
tr
(
DµUD
µU † + χ†U + χU †
)
, (1)
where the covariant derivative Dµ and the external field tensor χ are defined by
DµU = ∂µU − irµ U + iU lµ , χ = 2B0 (s+ i p) . (2)
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Here s and q denote external scalar and pseudoscalar fields, which count as quantities of
order O(q2). Furthermore, rµ and lµ are external right- and left-handed vector fields with
intrinsic chiral power O(q). The two leading-order parameters appearing in (1) are the pion
decay constant F (normalized to F ≈ 92 MeV) and the two-flavor chiral condensate B0 =
−〈0|q¯q|0〉/F 2, both evaluated in the chiral limit [14]. Throughout this work we use the non-
linear representation for the pion fields πa,
U = exp{iτaπaϕ((π/F )2)/F} , (3)
where τa are the Pauli matrices. The choice of the function ϕ is more or less arbitrary. We
find it convenient to fix it by the condition dµ(U) =
∏3
a=1 dπ
a, where dµ(U) is the invariant
measure on the group SU(2). This requirement results in the following equation
ϕ(x2)−
1
2x
sin
(
2xϕ(x2)
)
=
2
3
x2 , ϕ(x2) = 1 +
1
15
x2 +
2
175
x4 +O(x6) . (4)
The leading order pion Lagrangian in the parametrization (3), (4) reads
L(2)ππ =
1
2
{
(∂π)2 −m2π2
}
+
1
10F 2
{
3(π∂π)2 − π2(∂π)2
}
−
m2
40F 2
(π2)2 +O(π6) . (5)
The specific feature of this parametrization is the absence of pion field renormalization at one
loop, Zone−loopπ = 1.
The chiral perturbation theory for pions in a finite volume was formulated in Ref. [16]. It
was argued that imposing periodic boundary conditions on the fields,
πa(x0, x1 + L, x2, x3) = π
a(x0, x1, x2 + L, x3) = π
a(x0, x1, x2, x3 + L) = π
a(x0, xi),
does not affect the Effective Lagrangian (1) †. The only effect is a modification of the pion
propagator according to
Gab(x, x′) =
∑
~n
Gab∞(x0 − x
′
0, ~x− ~x
′ + ~nL) , (6)
where the sum is taken over integer ~n and G∞ is the pion propagator in infinite volume
Gab∞(x) = δ
ab 1
i
∫
d4p
(2π)4
eipx
p2 −m2 + i0
. (7)
The imposed boundary conditions reduce the Lorentz symmetry to R0×H(3), where R0 is the
reflection x0 → −x0 and H(3) is the cubic group.
3. The first moment of the isovector GPD for a pion, (see Ref. [18] for a definition) is related
to the matrix element of the isovector vector operator Qaµ = q¯τ
aγµq
〈πb(p′)|Qcµ|π
a(p)〉 = iǫabcAI=11,0 (t)Pµ , A
I=1
1,0 (t) =
∫ 1
−1
dxHI=1(x, ξ, t) . (8)
†We will not require a periodicity in time direction.
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Figure 1: One-loop graphs contributing to two-pion matrix elements of the pion operator. The
operator insertion is denoted by a black blob.
Throughout this Letter we use the standard notations for the kinematical variables
P =
1
2
(p+ p′) , ∆ = p′ − p , t = ∆2 , ξ = −
∆+
2P+
, (9)
where ∆+(P+) is the light-cone projection of the vector ∆(P ).
In ChPT the operator Qaµ takes the following form (we will follow the notations of Ref. [18])
Oaµ = −
i
2
F 2
(
Laµ +R
a
µ
)
+O(q3) , (10)
where Lµ = U
†∂µU , Rµ = U∂µU
† and Lµ = L
a
µτ
a and the same for Rµ. Calculating the
corrections to the matrix element of this operator in ChPT one determines the formfactor
AI=11,0 (t). The infinite volume result for A
I=1
1,0 (t) at order O(q
2) reads [14]
A1,0(t) = 2
(
1 + FV (t)− l
r
6(µ)t/F
2
)
, (11)
where lr6(µ) is a low energy constant (LEC),
FV (t) =
1
6Λ2χ
[
(t− 4m2)J(t)− t
(
1
3
+ log
m2
µ2
)]
, J(t) = 2 + σ log
σ − 1
σ + 1
, (12)
Λχ = 4πF and σ =
√
1− 4m2/t. To obtain this result one has to calculate the diagrams
shown in Fig. 1.
To calculate the matrix element (8) in a finite volume one has to evaluate the same diagrams,
Fig. 1, but with the propagator (6). We notice that the field renormalization is absent both
in a infinite and finite volume. Calculating the tadpole diagram in Fig. 1 (a) one notices
that the term with ~n = 0 in the sum in Eq. (6) gives rise to the infinite volume result, while
the remaining terms give corrections which vanishes at L → ∞. It is convenient to carry out
a similar rearrangement for the diagram (b) in Fig. 1 also. Schematically it amounts to the
following transformations [25]∫
V
ddxeipxG2(x− y) =
∑
~n
∫
V
ddxeipxG∞(x− y + ~nL)G(x− y) =
∫
ddxeipxG∞(x− y)G(x− y)
=
∫
ddxeipxG∞(x− y)G∞(x− y) +
∑
~n
′
∫
ddxeipxG∞(x− y)G∞(x− y + ~nL) . (13)
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Again the first term in the last line of Eq. (13) represents the infinite volume contribution
while the last one gives 1/L corrections. As usually the sign
∑
~n
′ means that the term with
~n = 0 in the sum has to be omitted. The integration in last line of Eq. (13) goes over infinite
space and involves infinite volume pion propagators (7). We notice also that each term in the
sum (13) is UV finite. One also has to take into account that due to the imposed boundary
condition all spatial momenta are quantized, ~q = (2π/L)~n, where ~n = (n1, n2, n3) is a vector
with integer components. Then, after lengthy but straightforward calculations one obtains the
following answer for 1/L corrections to the matrix element (8)
〈πb(p′)|Oc,µ|πa(p)〉1/L = 2iǫ
abc
(
P µ (A−B)− P˜ µC +∆µ(~P ~S)
)
. (14)
Here P˜ = (0, ~P ) and the formfactors A,B,C, Sj are given by the following expressions
A =
2
LΛ2χ
∑
n∈Z3
′
∫ 1
−1
dηMn(∆, η)K1(m(η), ~n) , (15a)
B =
4
LΛ2χ
∑
n∈Z3
′
K1(m,~n) , (15b)
C =
2
3Λ2χ
∑
n∈Z3
′
~n2
∫ 1
−1
dηMn(∆, η)K2(m(η), ~n) , (15c)
Sj =
1
Λ2χ
∑
n∈Z3
′
nj
∫ 1
−1
dη ηM jn(∆, η)K1(m(η), ~n) , (15d)
where m2(η) = m2 − 1
4
(1− η2)∆2 , ∆µ = (∆0, ~∆) and we put ~∆ ≡
2π
L
~k. The function Mn,M
j
n
and K are defined as follows
Mn(∆, η) =
3∏
m=1
(−1)nmkm cos(πη nmkm) , M
j
n(∆, η) =
sin(πη njkj)
cos(πη njkj)
Mn(∆, η) (16)
and
Ki(m,~n) =
(
m
|~n|
)i
Ki(m|~n|L) , (17)
where Ki(x) is the modified Bessel function of the second kind. The sums in (15) converge
rapidly since Ki(x) ∼ x
−1/2e−x for large x. Since the Lorentz symmetry does not hold for 1/L
corrections the matrix element (14) is parameterized by three formfactors instead of one in an
infinite volume limit. Let us remark that the difference A − B vanishes in the limit ∆ → 0
which ensures that the temporal component, µ = 0, of matrix element (8) does not receive
corrections in this limit.
4. The first moment of the isoscalar pion GPD, HI=0(x), is parameterized by two formfac-
tors, AI=02,0 and A
I=0
2,2 , ∫ 1
−1
dxHI=0(x, ξ, t) = AI=02,0 (t) + 4ξ
2AI=02,2 (t) . (18)
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They enter the matrix elements of the isoscalar operator,
Qsµν = S
µν
(
q¯ γµiD
↔
ν q −
1
4
gµν q¯i /D
↔
q
)
, (19)
〈πb(p′)|Qs2(z)|π
a(p)〉 = δab
(
AI=020 (P · z)
2 + AI=022 (∆ · z)
2
)
, (20)
where z is auxiliary light-like vector, D
↔
µ =
1
2
(
D
→
µ −D
←
µ
)
, S
µν
Qµν =
1
2
(Qµν + Qνµ) and we set
Q(z) = zµzνQ
µν . We also notice, that throughout the paper the scalar product (a · b) implies
the Minkowsky scalar product.
In ChPT the operator (19) reads
Qsµν = F
2a˜20
(
LaµL
a
ν +R
a
µR
a
ν −
gµν
4
[
LaρL
ρ,a +RaρR
ρ,a
])
. (21)
In an infinite volume the formfactor A20 does not receive nonanalytic corrections at order
O(q2), while the result for the formfactor A22 reads [26]
AI=022 (t) = A
(0)
22
(
1 +
m2 − 2t2
3Λ2χ
[
log
m2
µ2
+
4
3
−
t+ 2m2
t
J(t)
])
+ A
(1,m)
22 m
2 + A
(1,t)
22 t . (22)
We recall also that A
(0)
22 = −A
(0)
20 /4 = a˜20.
The volume corrections to the matrix element (20) comes from diagram (b) in Fig. (1) only,
the contribution due to the tadpole diagram, Fig. 1(a), vanishes. The calculation gives the
following result for the matrix element
〈πb(p′)|Qs2(z)|π
a(p)〉1/L =a˜2,0
(
t−
m2
2
)
T (z) , (23)
T (z) =
[
(∆ · z)2D − (∆ · z)(~z~S) +
1
2
~z2C)
]
, (24)
where T (z) = zµzνT
µν and
D =
1
4Λ2χ
∑
~n∈Z3
′
∫ 1
−1
dη (1− η2) Mn(∆, η)K0(m(η), ~n) . (25)
It is interesting to notice that both the infinite and finite volume corrections vanish at
2t = m2. To make the structure of corrections more transparent we write down the tensor T µν
in components
T 00 =
(
(∆0)2 −
1
4
∆2
)
D +
1
4
(~∆~S) +
3
4
C , (26a)
T 0i =T i0 = ∆0
(
∆iD −
1
2
Si
)
, (26b)
T ik =∆i∆kD +
1
2
(
∆iSk +∆kSi
)
+
δik
4
(
∆2 − (~∆~S) +
1
4
C
)
. (26c)
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Thus parametrization of the volume corrections for an isoscalar operator at one-loop level
require only one additional function, D.
5. The lowest moments of chiral odd GPDs, EITπ, are related to the matrix elements of
the operators Qaλµ = q¯σλµτ
aq and Q
(s)
λµ,ρ = A
λµ
S
µρ
q¯σλµiD
↔
ρq [19]. The symbols S
µρ
and A
λµ
denote
(anti)symmetrization in the corresponding indices. The pion matrix elements of these operators
are parameterized as follows
〈πc(p′)|Qaλµ|π
b(p)〉 =iǫabcRλµB
π
T1,0(t) , (27)
〈πc(p′)|Q
(s)
λµ,ρ|π
b(p)〉 =δbcA
λµ
S
µρ
RλµPρB
π
T2,0(t) , (28)
where Rλµ = (Pλ∆µ − ∆λPµ)/mπ. The formfactors B
π
T,n0 are equal to the moments of the
chirally odd GPD EITπ,
(
BπT,n0(t) =
∫ 1
−1
dxxn−1ET,π(x, ξ, t)
)
. In ChPT these operators take
the form (we follow the notations of Ref. [20])
Qaλµ =
1
8
F 2bT1,0 tr
(
u†τau† + uτau
)
[uλ, uµ] , (29)
Q
(s)
λµ,ρ =
1
8
F 2bT2,0 tr
(
u2 + (u†)2
)
[uλ(2i∇
↔
ρ)uµ − (λ↔ µ)] , (30)
where u2 = U ,
uµ = i
(
u†∂µu− u∂µu
†
)
, ∇µX = ∂µX + [Γµ, X ] , Γµ =
1
2
(
u†∂µu+ u∂µu
†
)
.
In Eq. (30) it is implied that one has to subtract all traces and implement the indicated
(anti)symmetrization
T λµ,ρ →
1
4
(
2T λµ,ρ + T λρ,µ − T µρ,λ − gµρT λσσ + g
λρT µσσ
)
. (31)
The formfactors BπT,n0(t) at order O(q
2) (in an infinite volume) were calculated in [20]
BπT,10(t) =B
(0)π
T,10
(
1 +
m2
2Λ2χ
log
m2
µ2
+ FV (t,m
2)
)
+ . . . , (32)
BπT,10(t) =B
(0)π
T,20
(
1−
3m2
2Λ2χ
log
m2
µ2
)
+ . . . , (33)
where the dots stand for analytic terms and B
(0)π
T,10 = mπbT1,0, B
(0)π
T,20 = −2mπbT2,0.
Calculating the diagrams in Fig. 1 with the insertion of the operators Qaλµ and Q
(s)
λµ,ρ one
obtains the following result for the volume corrections to the matrix elements
〈πc(p′)|Qaλµ|π
b(p)〉1/L =iǫ
abc
B
(0)π
T,10
mπ
{(
P λ∆µ −∆λP µ
)(
A−
B
2
)
− (P˜ λ∆µ − P˜ µ∆λ)C
}
. (34)
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We recall that P˜ 0 = 0 and P˜ i = P i. Let us notice that 1/L correction to the matrix element
of the chirally odd isovector operator (34) involves the functions A,B and C which enter the
volume correction to the chirally even isovector operator (14).
In its turn the volume correction to the chirally odd isoscalar operator
〈πb(p′)|Q
(s)
λµ,ρ|π
a(p)〉1/L = δ
abb20
{
−
3
2
P ρ
(
P λ∆µ −∆λP µ
)
B
+ δρ0
(
δλ0∆µ − δµ0∆λ
) [
E −
(
t−
m2
2
)
C
]
+
(
t−
m2
2
)
∆ρ
(
Sλ∆µ −∆λSµ
)
,
(35)
involves one new function E,
E =
4
3LΛ2χ
∑
~n
′
~n2K3(m,~n) . (36)
We also introduced the notations Sµ = (0, ~S), where ~S is defined by Eq. (15d). Of course, the
matrix element (35) has to by symmetrized according to (31).
6. In this Letter we have presented the results of the calculation of volume corrections to
the matrix elements of the pion operators of lowest spin. We found that the 1/L corrections
to the four operators we considered involve (due to Lorentz symmetry breaking) 11 different
kinematical structures with coefficients parameterized by six functions (A,B,C,D,E, Sj). Our
results should be helpful to improve the procedure of the extracting of GPD moments from
lattice data.
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